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ON A CR FAMILY OF COMPACT STRONGLY

PSEUDOCONVEX CR MANIFOLDS

Xiaojun Huang, Hing-Sun Luk & Stephen S.T. Yau

Abstract

We study the simultaneous filling and embedding problem for
a CR family of compact strongly pseudoconvex CR manifolds of
dimension at least 5. We also derive, as a consequence, the nor-
mality of the Stein fibers of the filled-in Stein space under the
constant dimensionality assumption of the first Kohn-Rossi coho-
mology group of the fiber CR manifolds. Two main ingredients
for our approach are the work of Catlin on the solution of the
∂-equation with mixed boundary conditions and the work of Siu
and Ling on the study of the Grauert direct image theory for a
(1,1)-convex-concave family of complex spaces.

1. Introduction

In this paper, we are concerned with a Cauchy-Riemann type of de-
formation for a compact strongly pseudoconvex manifold of real dimen-
sion at least 5. We will address the simultaneous embedding and filling
problem of the family, as well as their applications in the deformation
theory of isolated complex singularities. To start with, we introduce the
following notion: (For more definitions, see §2).

Definition 1.1. Write ∆ := {t ∈ C, |t| < 1} and ∆r := {t ∈
C, |t| < r} for r > 0. Assume that {Mt}t∈∆r is a parameterized family
of connected compact C∞-smooth strongly pseudoconvex CR manifolds
of (real) dimension 2n − 1. The family {Mt}t∈∆r is said to be a CR
family, or Mt1 is said to be a CR deformation of Mt2 for any t1, t2 ∈ ∆r,
if there is a C∞-smooth strongly pseudoconvex CR manifold Xr of real
dimension 2n + 1 and a C∞ CR map π : Xr → ∆r such that

(I) π is a proper submersion;
(II) for any t ∈ ∆r, Mt = π−1(t) and Mt is a C∞-smooth CR subman-

ifold of Xr.
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In what follows, we simply say (Xr, π,∆r) or π : Xr → ∆r is a CR
family of compact strongly pseudoconvex CR manifolds.

As compact CR manifolds often come as the smooth boundaries of
complex spaces with isolated singularities, the above definition is mod-
eled by the following typical example of the holomorphic deformation
of the complex structure of isolated singularities: Let (Vr, π,∆r) be
a small deformation of the complex space V0 = π−1(t0) with an iso-
lated singularity at p0 ∈ V0. Assume that Vr is embedded in CN .
For a positive ǫ, write Sǫ(p0) for the sphere centered at p0 with radius
ǫ. When it cuts Vr only at smooth points and CR-transversally, then
(Vr∩Sǫ(p0), π,∆r) gives a CR deformation of the strongly pseudoconvex
CR manifold V0 ∩ Sǫ(p0), as defined above. It will be seen later in this
paper that a CR deformation defined above can be generically realized
in such a concrete manner when 2n − 1 ≥ 5. Hence, the study of the
deformation of isolated singularities is closely related to the study of the
above notion of CR deformation of compact strongly pseudoconvex CR
manifolds.

A compact strongly pseudoconvex CR manifold M of dimension at
least 5 can be CR diffeomorphically mapped to the smooth boundary
of a certain Stein space with at most isolated singularities embedded in
some complex Euclidean space CN , by the work of Boutet de Monvel
[8] and Harvey-Lawson [16]. (See §2 for the basic definitions and nota-
tions.) In general, N well depends on the intrinsic CR structure of M .
For a smooth family of strongly pseudoconvex CR manifolds, Tanaka
addressed the simultaneous embedding problem under the assumption
that the first Kohn-Rossi cohomology group of each fiber has a fixed

dimension [35]. (Namely, dimH
(0,1)
KR (Mt) is independent of t. For the

precise definition of H
(0,1)
KR (Mt), the reader is referred to [35], [13] or

the first paragraph of §4 of the present paper.)

However, the methods in [35] cannot be used to deal with the CR
dependence on the parameter for the CR families, which turns out to
be crucial for many studies in the deformation theory of the complex
structure of isolated singularities.

In this paper, we will study the simultaneous embedding and filling
problems for a CR family of CR manifolds. We will also give applications
to problems concerning the deformation of complex isolated singulari-
ties.

Before we give our main result, we briefly recall some basic definitions
and results.

Suppose M is a finitely generated module over a local ring (R, m)
where m is the maximal ideal in R. Suppose that {f1, . . . , fk} in m is a
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sequence such that f1 is not a zero divisor for M and fj is not a zero-

divisor for M

/
j−1∑
i=1

fiM for 2 ≤ j ≤ k if k ≥ 2. We then call {f1, . . . , fk}

an M -sequence. Any permutation of an M -sequence is still an M -
sequence. An M -sequence is called maximal if it is not contained in
a longer M -sequence. All maximal M -sequences have the same length.
This common length is called the homological codimension of M over R,
denoted by codhRM or simply by codhM . (We say that the homological
codimension of M over R is zero if there is no M -sequence.)

Definition 1.2 ([33]). Let (X,O) be a complex space, F an analytic
sheaf of X, and p a non-negative integer. The p-th absolute gap-sheaf of
F , denoted by F [p], is the analytic sheaf over X defined by the following
pre-sheaf: Suppose U ⊂ V are open subsets of X. Then

F [p](U) = direct limit
A∈U(U)

Γ(U − A,F),

where U is the directed set of all subvarieties in U of dimension ≤ p
directed by inclusion. The map F [p](V ) → F [p](U) is induced by the
restriction map.

Let F be a coherent analytic sheaf over X. Set

Sk(F) = {x ∈ X : codhOxFx ≤ k}.

Then Sk(F) is a subvariety of dimension ≤ k in X ([29, Satz 5, p.
81]). The following proposition gives a relation for the above introduced
objects:

Proposition 1.3 ([34, 3.13]). Let F be a coherent analytic sheaf on

X. Then F [p] = F if and only if dimSk+2(F) ≤ k for −1 ≤ k < p.

The following definition was given in Andreotti and Siu [3].

Definition 1.4 ([3]). Let (X,O) be a complex space. We say that

X is p-normal at x ∈ X if O
[p]
x = Ox. We say that X is p-normal if

O[p] = O.

Main Theorem. Let π : X → ∆ be a CR family of compact strongly

pseudoconvex CR manifolds of (real ) dimension 2n − 1 (n ≥ 3). Let

Mt = π−1(t) for t ∈ ∆. Then there exists a unique (up to isomorphism)

2-normal Stein complex space X̂, which has X as part of its smooth

boundary. The CR structure of X coincides with the inherited CR struc-

ture from X̂ and is strongly pseudoconvex with respect to the complex

Stein space X̂. Moreover, there is a holomorphic map π̂ : X̂ → ∆ such

that the following hold

(I) For any t ∈ ∆, π̂−1(t) = M̂t is a Stein space with Mt = π−1(t) as

its smooth strongly pseudoconvex boundary.
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(II) For ǫ < 1, write Xǫ :=
⋃

|t|<ǫ Mt and Xǫ =
⋃

|t|≤ǫ Mt. Also write

X̂ǫ = π̂−1(∆ǫ) and X̂ǫ = π̂−1(∆ǫ)∪Xǫ. Then there exists a smooth

function ρǫ defined in X̂ǫ, such that

(a) ρǫ is strictly plurisubharmonic near Xǫ;

(b) c∗ < ρǫ ≤ 0 for some c∗ < 0;
(c) ρǫ = 0 exactly on Xǫ and dρǫ

∣∣
Xǫ

6= 0.

(III) π̂ extends smoothly up to X. Denote its smooth extension over X
by π̂|X . Then π̂|X ≡ π.

(IV) Assume that for a certain ǫ0 ∈ (0, 1), there is a complex manifold

Zǫ0 such that Xǫ0 can be CR embedded into Zǫ0 . Suppose that f is a

smooth CR equivalence map from M0 to a certain CR submanifold

M ′
0 ⊂⊂ Cm, that extends holomorphically to M̂0. Assume that

M ′
0 is the smooth boundary of a certain Stein space V ′

0 embedded

in Cm. (In particular, V ′
0 is assumed to have only smooth points

in a small neighborhood of M ′
0 in Cm.) Then when ε << 1, there is

a CR embedding T : Xǫ → Cm × C such that the following holds:

(IV1) There is a Stein space X̂ ′
ǫ ⊂⊂ Cm×C, which has X ′

ǫ := T (Xǫ)
as part of its smooth boundary.

(IV2) Let π̂′ be the natural projection from Cm × ∆ǫ into ∆ǫ. Then

π̂
′−1(t) ∩ X̂ ′

ǫ := M̂ ′
t is a Stein subvariety of X̂ ′

ǫ with M ′
t as its

strongly pseudoconvex boundary. Moreover, M ′
t = T (Mt).

(IV3) T extends to a proper holomorphic map, still denoted by T ,

from X̂ǫ into X̂ ′
ǫ such that T = (F, π̂) with F |dM0

= f .

We call the triplet (X̂, π̂, ∆) the Siu-Ling completion of the CR family
(X, π, ∆). By the theorems proved in [8], [16], [30]–[31] and Ling [24],
for many interesting families, we can always find the map f as in the
Main Theorem (IV), provided that m >> 1. This makes our Main
Theorem usable in many applications. We will address this issue in §4.
Here, we will be content to state the following corollaries:

Corollary 1.5. Let (X, π, ∆) be a CR family of compact strongly

pseudoconvex CR manifolds {Mt}. Suppose that Xǫ0(= π−1(∆ǫ0)) for

a certain ǫ0 ∈ (0, 1) can be CR embedded into a complex manifold.

Assume that the real dimension of Mt is at least 5 and dim H
(0,1)
KR (Mt)

is constant. Then any M̂t = π̂−1(t) with t ∈ ∆ǫ0, in the Siu-Ling

completion of (X, π, ∆), is a normal Stein space.

Corollary 1.6. Let (X, π, ∆) be a CR deformation of a compact

strongly pseudoconvex CR manifold M0. Suppose that Xǫ0(= π−1(∆ǫ0))
for a certain ǫ0 ∈ (0, 1) can be CR embedded into a complex manifold.

Assume that the real dimension of M0 is at least 5 and dim H
(0,1)
KR (Mt)

is constant. If M0 can be CR embedded into Cm by the smooth CR

diffeomorphism f0, then when 0 < ǫ << ǫ0, there is a CR embedding
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Ψ : Xǫ → Cm × C such that Ψ|Mt CR embeds Mt into Cm × {t}.
Moreover, we can make Ψ|M0

= (f0, 0).

Remark 1.7. Let X and Xǫ be defined as above. By a result to be
proved in §2 of this paper, Xǫ (for any ǫ ∈ (0, 1)) can always be CR
embedded into a complex manifold, when the CR structure over X is
real analytic. Here, we recall that the CR structure over X is said to be
real analytic if X is a real analytic manifold and the bundle T (1,0)X is a
real analytic bundle over X. Hence, when the total space X has a real
analytic CR structure, the assumption that Xǫ0 can be CR embedded
into a complex manifold for a certain ǫ0 is redundant in Main Theorem
(IV), Corollary 1.5 and Corollary 1.6. By a very deep result of Catlin
[10, Theorem 1.1], one also notices that for any 0 < ǫ0 < 1, Xǫ0 can be
CR embedded into a complex manifold, even when X is merely assumed
to be (C∞) smooth. (See a detailed discussion on this matter in Remark
2.3 of §2.) We should mention that in many applications of the theory
on CR manifolds to the study of complex singularities, the total space X
comes as the smooth link of complex singularities and thus is naturally
embedded in a complex manifold.

A special case of Corollary 1.5 was obtained by a different method

by Fujiki [14] when dimH
(0,1)
KR (Mt) ≡ 0. Corollary 1.6 can be viewed as

a Cauchy-Riemann strengthening property for the CR family (or, for a
holomorphic family of Stein spaces, respectively) along the parameter
space. Corollary 1.6 has an immediate application to the study of the
simultaneous blowing-down problem for strongly pseudoconvex complex
manifolds, which will be addressed in Corollary 4.4 in §4. Also, the con-

stant dimensionality of H
(0,1)
KR (Mt) in Corollary 4.6 (and thus Corollaries

1.5–1.6) seems to be important for the results to hold by the work of
Knorr–Schneider and Riemenschneider [20], [28] on the conditions for
the simultaneous blowing-down problem of a holomorphic family of the
exceptional sets .

The key step for the proof of these results is to obtain a CR extension
theorem for CR functions from the submanifold M0 to X. In our argu-
ment, it is important to have the dimension of Mt at least 5. However,
it is not clear to us whether the Main Theorem still holds when the real
dimension of Mt is 3, assuming that each fiber is fillable by complex
spaces with isolated singularities, which we state as an open question.
We do not know if we can also have some version of Corollary 1.6 when
each Mt has real dimension 3, and each Mt is assumed to be globally
embeddable. Apparently, by the work of Rossi and Jacobowitz-Treves
[19], it cannot be true in general if one just considers the real analytic
family.

The basic ingredients for the proof of the Main Theorem and Corol-
lary 1.6 include the work on the embedding of the CR structures and
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holomorphic completion of the so-called (1, 1)-convex and concave space.
(See the papers by Androitti-Siu [3], Siu [30] and Ling [24], Kuranishi
[21], Akahori [2], Webster [37], Catlin [10], etc.) Especially, the work of
Catlin [10] for solving the ∂̄-equation with mixed boundary conditions
and the work of Ling [24], Siu [30]–[31] on the generalization of the
Grauert direct image theorem will be crucial to us. The interaction of
the deformation of CR manifolds and the deformation of isolated nor-
mal singularities, which in some work is also referred to as the Kuranishi
program, has attracted some attention in recent years. Related to this
work, we would like to mention the long papers by Buchweitz-Millson
[9] and Miyajima [25] and the references therein, to name a few. There
has also been much work done on smooth families of CR manifolds, in
conjunction with the embedding and related problems of three dimen-
sional compact CR manifolds . Here, we refer the reader to the papers
of Lempert [23] and Bland-Epstein [7], and the references therein.

Acknowledgment. The authors acknowledge helpful conversations and
communication with J. McNeal, L. Lempert, Mei-Chi Shaw and Yum-
Tong Siu during the preparation of the work. They are also very grateful
to the two referees for their careful reading and many substantial com-
ments and suggestions on both the mathematics and the exposition of
the paper.

2. Simultaneous filling of a CR family

In this section, we first recall some definitions and notations. Then
we turn to the Hartogs-Rossi type of holomorphic filling of complex
manifolds by applying the work of Kuranishi-Akahori-Webster ([21],
[2], [37]) and Ling [24].

Let M be a (C∞) smooth manifold of real dimension (2n − 1). A
smooth real 1-form θ over M is called a contact form if the (2n − 1)-
form θ∧dθ∧· · ·∧dθ vanishes nowhere on M . The complexified contact
bundle CS is then the subbundle of CTM annihilated by θ. A com-
plex structure J is a base point preserving smooth bundle isomorphism
of CS with J2 = −id. T (1,0)M is defined to be the eigenspace of i,
which is apparently a subbundle of CS and T(0,1)M is defined to be
the complex conjugate of T (1,0)M . J is also required to be integrable
in the sense that the space of cross sections of T(1,0)M is closed under
the Lie bracket operation. When M is a real analytic manifold, we say
the CR structure J is real analytic if T(1,0)M is locally generated by
real analytic complex vector fields. In this case, we also say M is a real
analytic CR manifold. Unless mentioned explicitly, all CR manifolds in
this paper are assumed to C∞-smooth. The Levi form L associated to
θ is a Hermitian form over T(1,0)M such that for any two cross sections,
L1, L2, L(L1, L2) = i〈θ, [L1, L2]〉. For an integrable J , M equipped with
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J is called a pseudoconvex CR manifold if the Levi form defined above
is semi-definite and is called strongly pseudoconvex CR manifold if the
Levi-form is definite. When M is part of the smooth boundary of a com-
plex manifold V , then we adapt the standard meaning for the notion
that V lies on the pseudoconvex side when the CR structure inherited
from V is pseudoconvex.

Let N ⊂ M be a smooth submanifold. If for any p ∈ N , CSp ∩
CTpN = J |CTpN∩Sp(CSp ∩ CTpN) and has complex codimension 1 in
CTpN , then J naturally induces a CR structure (of hypersurface type)
on N . N equipped with such a CR structure is called a CR submanifold
of M . An important class of functions over M is the class of CR func-
tions which is annihilated by any (0, 1)-vector field along M . A map
from M into Ck is called a CR map if each of its components is a CR
function.

A real hypersurface in Cn+1 is strongly pseudoconvex with the in-
herited complex structure from its ambient space if it can be defined by
a strongly plurisubharmonic function. A famous theorem of Kuranishi-
Akahori-Webster states that any strongly pseudoconvex smooth CR
manifold of real dimension 2n+1 ≥ 7 can be locally embedded as a real
hypersurface in Cn+1 through a CR diffeomorphism. More recently,
in a very deep paper of Catlin [10, Theorem 1.1], one sees that any
pseudoconvex manifold X with at least three positive Levi eigenvalues
can be realized as the smooth pseudoconvex boundary of some complex
manifold Z. In the case that we are considering, the construction of
Z directly follows from the embedding theorem of Kuranishi-Akahori-
Webster, which we will explain in details as follows. In the rest of
this paper, all strongly pseudoconvex CR manifolds are assumed to be
connected.

Notice that when a strongly pseudoconvex manifold M is part of
the smooth boundary of a certain complex manifold V , then there is a
Lewy-type extension phenomenon for CR functions. Here we state the
following one which can be easily proved by using the Baouendi-Treves
approximation theorem and the so-called analytic disk argument (see
[4]).

Lemma 2.1. Let V be a domain in Cn with M as part of its smooth

strongly pseudoconvex boundary. For any subdomain M ′ ⊂⊂ M of M ,

there is a subdomain V ′ ⊂ V such that any CR function over M ′ can

be holomorphically extended to V ′. Here V ′ is assumed to have M ′ as

part of its smooth boundary.

Let (X, π, ∆) be a CR deformation of the strongly pseudoconvex man-
ifold M0 = π−1(0) of dimension 2n− 1 ≥ 5, as defined in Definition 1.1.
Since the total space X has real dimension at least 7, by the above
mentioned Kuranishi-Akahori-Webster’s embedding theorem, for each
p ∈ M0, there is a neighborhood Up of p in X and a CR diffeomorphism
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Fp : Up → Cn+1 such that U∗
p = Fp(Up) is a strongly pseudoconvex

real hypersurface in Cn+1.
Let 0 < ǫ < 1 be fixed. There is a finite set of such open pieces Uj

of X which covers Xǫ := π−1(∆ǫ). Each of them can be assumed to be
connected. Next, we choose a finer finite cover {Vj} of Xǫ, for which we
can find another finite set of connected open subsets {Bj} of X with
the following properties:

(a) Vj ⊂⊂ Bj ;
(b) for each j, there is a certain index L(j) such that Bk ⊂⊂ UL(j) for

any k for which there is an l with Bl ∩ Bj 6= ∅ and Bk ∩ Bl 6= ∅.

Now, for each Vj , let Fj be a CR diffeomorphism from UL(j)(⊃⊃ Vj)

to a certain strongly pseudoconvex hypersurface U∗
L(j) ⊂⊂ Cn+1. Let

D∗
j be a domain in the pseudoconvex side of U∗

L(j) with V ∗
L(j) as part

of its smooth boundary, and define δj = sup{dist(z, V ∗
L(j)) : z ∈ D∗

j},

where we write B∗
L(j) = Fj(Bj) and V ∗

L(j) = Fj(Vj). We assume that

δj << 1 so that for each j, k, Fjk := Fj ◦ F−1
k extends holomorphically

to D∗
k by Lemma 2.1, whenever there is an l with Bj ∩ Bl 6= ∅ and

Bk ∩ Bl 6= ∅
Now we let Z∗ be the disjoint union of the finite set {V ∗

L(j) ∪ D∗
j}j .

We say that p ∈ V ∗
L(j) ∪ D∗

j and q ∈ V ∗
L(k) ∪ D∗

k are equivalent if (a):

Bj ∩ Bk 6= ∅ and (b): p = Fjk(q). By the following Lemma 2.2, one
sees that this equivalence relation is well-defined when δ = max{δj} is
sufficiently small. Hence we obtain the quotient space, which is denoted
by Ωǫ.

Lemma 2.2. Suppose δ << 1. Then the above mentioned equiva-

lence relation is well-defined. Moreover, the quotient space Ωǫ carries

an integrable complex structure which has a smooth piece of its boundary

CR-diffeomorphic to a neighborhood of Xǫ in X.

Proof of Lemma 2.2. Let l1, l2, l3 be such that Bl1 ∩Bl2 6= ∅, Bl2 ∩Bl3 6=
∅, but Bl1 ∩ Bl3 = ∅. We first claim that when δ is sufficiently small,
there are no points p ∈ D∗

l1
and q ∈ D∗

l3
such that p = Fl1l3(q). Indeed,

suppose not. There would be a sequence pj → p ∈ V ∗
l1

and qj → q ∈ V ∗
l3

such that pj = Fl1l3(qj). Passing to the limit, it thus follows that

F−1
l1

(p) = F−1
l3

(q) ∈ Bl1 ∩Bl3 . This is a contradiction. From this claim,
Lemma 2.1, as well as the simple fact that Fl1l3 = Fl1l2 ◦Fl2l3 , it is easy
to see that the equivalence relation is well-defined when δ << 1.

Now, we assume δ is sufficiently small so that the above claim holds.

Denote the equivalence class of D∗
l by D̃∗

l . Then what we just obtained

shows that D̃∗
l1
∩ D̃∗

l2
= ∅ when Bl1 ∩ Bl2 = ∅. When Bl1 ∩ Bl2 6= ∅, a

similar argument shows that for

δ << 1, D̃∗
l1
∩ D̃∗

l2
= ˜D∗

l1
∩ Fl1l2(D

∗
l2
).
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Now, we assign the topology to Ωǫ so that D̃∗
l1

is homeomorphic to

D∗
l1

with the inherited topology from Cn+1. Then Ωǫ can be easily
seen to be a Hausdorff space. Indeed, for p ∈ D∗

l1
and q ∈ D∗

l2
with

p̃ = [p] 6= q̃ = [q], p̃ and q̃ are clearly separated by open subsets when

D̃∗
l1
∩ D̃∗

l2
= ∅ or when p ∈ Fl1l2(D

∗
l2
). In case p 6∈ Fl1l2(D

∗
l2
), let Uq

be a small open neighborhood of q in D∗
l2

with Uq ⊂⊂ Fl1l2(D
∗
l2
); then

p̃ and q̃ are separated by Ũq and D̃∗
l2
\ Uq. Moreover, we can see that

Ωǫ with the local charts {D̃∗
j} is a complex manifold with holomorphic

transition functions Fjk. This completes the proof of Lemma 2.2. q.e.d.

Clearly, the complex manifold Ωǫ discussed above has a piece of
smooth boundary which is diffeomorphic to a neighborhood of Xǫ in
X by the way it was constructed. Next, by shrinking δ thus Ωǫ if nec-
essary, we can assume that Ωǫ has a topological boundary, which can
be decomposed into three pieces Y0, Y1 and Y2, where Y0 is CR diffeo-
morphic to Xǫ. Moreover, Lemma 2.1 can be used to see that π can be
extended to a holomorphic submersion π̂ from Ωǫ to ∆ǫ. Also there is
a strongly plurisubharmonic function ρǫ ∈ C∞(Ωǫ) over Ωǫ such that

(a) Y1 = ˆπ−1(|t| = ǫ),
(b) ρǫ|Y0

= 0, dρǫ|Y0
6= 0, ρǫ < 0 over Ωǫ \ Y0, and

(c) ρǫ|Y2
= −ǫ2, with ǫ2 a sufficiently small positive constant.

Also write the naturally defined CR embedding from Y0 to Xǫ as Ψ.
Then π ◦ Ψ = π̂. Hence, (Ωǫ, π̂, ∆ǫ) is a (1, 1) convex-concave complex
space as defined in [24].

Notice that Ωǫ is 2-normal when n ≥ 3. Namely, for any complex
analytic variety of dimension at most two E ⊂ Ωǫ, any holomorphic
function in Ωǫ \ E extends holomorphically to Ωǫ.

By the work of Siu [30] and Theorem (I)n in [24], Ωǫ can be com-

pleted to a 2-normal Stein space (X̂ǫ, π̂, ∆ǫ). By the uniqueness part of

the Ling theorem mentioned above, we can patch all those (X̂ǫ, π̂, ∆ǫ)

into the required completion (X̂, π̂, ∆), which has Properties (I)–(III)
as described in the Main Theorem if we identify in an obvious way Xǫ

with Y0 defined above. Here, we only mention that the Steinness of X̂

follows from the fact that X̂ǫ1 is a holomorphically convex subset of X̂ǫ2

for any ǫ2 > ǫ1. (See [32, §3].)
In what follows, we call such a 2-normal completion the Siu-Ling

completion of the family (X, π, ∆).
Further assume that X is a real analytic CR manifold. Then we can

similarly define D∗0
j = D∗

j ∪D∗−
j ∪V ∗

L(j) such that Fjk extends holomor-

phically to D∗0
j , by the reflection principle for strongly pseudoconvex

hypersurfaces. (See [4], for instances.) Here D∗−
j is a certain domain in
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the pseudoconcave side of U∗
L(j), which has V ∗

L(j) as part of its smooth

boundary. We can then define δ0
j = sup{dist(z, V ∗

L(j)) : z ∈ D∗0
j } and

define the equivalence relation over the space ∪D∗0
j by identifying points

through Fjk. Then when δ0
j << 1, the quotient space Ω0 we get is also a

complex manifold whose induced CR structure over Xǫ coincides with
the original one. (We also say Xǫ is CR embedded into Ω0 as a CR
submanifold). With the same discussions presented above, we conclude

that there exists a complex space Ẑǫ, containing X̂ǫ, such that

(i) X̂ǫ′ ⊂⊂ Ẑǫ for any ǫ′ < ǫ; and

(ii) the singular set of Ẑǫ is contained in the singular set of X̂ǫ.

Remark 2.3. We mention that if one uses [10, Theorem 1.1], one can

conclude the existence of the aforementioned Ẑǫ even when X is purely
smooth. (See already [11, Theorem 6].) Following the argument in the
proof of [10, Theorem 1.3], we here indicate how the main result of

Catlin [10, Theorem 1.1] can be used to construct Ẑǫ: One first extends

X̂ into Z with the same dimension as that of Ωǫ, which is smooth away

from the singular set Sing (X̂) of X̂ and has Xǫ in its interior for ǫ < 1.
Let θ be the contact form which makes X strongly pseudoconvex and
let T be a real vector field along X such that 〈θ, T 〉 ≡ 1. Notice that
X then has n-negative Levi eigenvalues with n ≥ 3 with respect to −θ.
Now, by [10, Theorem 1.1], one can find an integrable complex structure
over Ωǫ (after making δ << 1), whose (complex conjugate) reflection to
the other side of Xǫ in Z extends smoothly to Xǫ for ǫ < 1 and induces
the same CR structure over Xǫ. Moreover, it is related with the original
complex structure over Ωǫ so that the formal uniqueness result in [10,
Theorem 4.2] can be applied (with the map G there side-preserving).
Now, following the same argument as in the proof of [10, Theorem

1.3], one sees the existence of the aforementioned Ẑǫ by modifying the
complex structure in the pseudoconcave side of X.

For any CR family of strongly pseudoconvex family (X, π, ∆) which
will appear in the rest of the paper, we always assume that X is smooth

with its Siu-Ling completion (X̂ǫ, π̂, ∆ǫ), for a certain 0 < ǫ < 1, being

contained in a larger complex space Ẑǫ as described above.

3. ∂-equation on a lunar domain and extension of CR

functions

We now let (X, π, ∆) be a smooth family of compact strongly pseu-
doconvex CR manifolds with the dimension of each fiber at least 5.
We now proceed to the study of the simultaneous embedding problem
of the CR family. For this, we need to study the solutions of a certain
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∂-equation with good boundary behavior on X̂ǫ constructed in §2. How-
ever, the non-smooth feature of X̂ǫ makes a direct approach difficult.
What we will do here is to remove a neighborhood of the singular set of
X̂ǫ so that we need only to work on a smooth manifold. But, this also
brings the problem arising from its boundary. To deal with this, we use
the work of Catlin [10] for solving the ∂-equation with mixed boundary
conditions.

As in §2, we first construct a smooth domain Ωǫ ⊂ X̂ǫ, which has three
pieces of smooth boundaries, Y0, Y1, Y2, that intersect CR-transversally
at their intersections. Namely, they satisfy the following properties:

(a) Y0 = Xǫ, and thus Y0 is strongly pseudoconvex with respect to Ωǫ,
(b) Y1 = π̂−1({|t| = ǫ}), and

(c) Y2 = {p ∈ X̂ǫ ∩ π̂−1(∆ǫ1) : ρǫ = −ǫ2} with ǫ2 << ǫ.

We use the notation set up before. For instance, we will write M̂t =
π̂−1(t). Without loss of generality, we will assume, in this section, that

X̂ǫ′ ⊂⊂ Ẑǫ0 for any ǫ′ < ǫ0 with ǫ0 = 3/4. Here, as above, (X̂ǫ0 ⊂)Ẑǫ0 is

a complex space with the same singular set as that for X̂ǫ0 . We also fix
ǫ = 1/2 in this section. For simplicity, we write ρ for the ρǫ0 constructed

at the end of §2, which is defined over X̂ǫ0 .
The main step is to prove the following extension theorem:

Theorem 3.1. Let φ be a holomorphic function over M̂0, which is

smooth up to its boundary M0. Then φ admits an extension that is

holomorphic over X̂ǫ and is smooth up to the strongly pseudoconvex

manifold Xǫ.

Proof of Theorem 3.1. Let {Uj}
m
j=0 be a finite (open) covering of the

compact space X̂ǫ and let {χj} be a partition of unity with Suppχj ⊂⊂

Uj for each j. Here we let each Uj be a connected open subset of X̂ǫ0

such that Uj ∩ X̂ǫ is Stein for each j. Make U0 = X̂ǫ0 \ {p(≈ Xǫ) ∈

X̂ǫ : ρ(p) ≥ −δ0} with 0 < δ0 << 1 and χ0 ≡ 1 in a Stein neighborhood

of the singular set of X̂ǫ0 . Assume that Uj for j 6= 0 does not cut

the singularities of X̂ǫ. Without loss of generality, we can also assume

that φ admits a holomorphic extension φj to Uj ∩ X̂ǫ when j 6= 0 and

Uj∩M̂0 6= ∅. Moreover, we can further assume that φj ∈ C∞(Uj), when

j 6= 0 and Uj ∩ M̂0 6= ∅. (For instance, see [6]).

We let φj ≡ 0 when j 6= 0 and Uj ∩ M̂0 = ∅.
Notice that by Cartan’s Theorem A and B, φ extends to a holomo-

morphic function φ0 in U0. For p ∈ X̂ǫ, write t(p) := π̂(p). Choose
χ∗(t) = χ∗(|t|) such that it is identically one for |t| << 1 and zero for
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|t| > 1
2 . Consider the following closed (0, 1) form

ω(p) = ∂̄

(
χ∗(t)

∑ χj(p)φj(p)

π̂(p)

)
.

Then, it can be easily verified that ω is smooth over X̂ǫ\Sing(X̂ǫ) and at

smooth points in a small Stein neighborhood of Sing(X̂ǫ), ω = ∂(χ∗ φ0

t ).
Notice that ω is compactly supported along the t-direction. For con-

venience of the reader, we say a few words on the smoothness of ω along
M0. The other cases can be done similarly.

Let p0 ∈ M0∩Uj for a certain j. Let {zj}
n+1
j=1 be a set of holomorphic

functions over Uj ∩ X̂ǫ, that are smooth up to a certain small neigh-
borhood of p0 in X and satisfy the condition: dz1 ∧ · · · ∧ dzn+1 6= 0 at
p0. Assume that zj(p0) = 0 for each j. Since dt|p0

6= 0, we can assume,
without loss of generality, that z1 = t. Then the map Ψ = (z1, . . . , zn+1)

diffeomorphically maps a small neighborhood of p0 in X̂ǫ to a certain

Dj in Cn+1. Certainly Ψ is holomorphic in the interior of X̂ǫ and CR
up to the boundary. For each l with p0 ∈ Ul, write the formal power

series expansion of φl ◦ Ψ−1 at 0 as
∑

k1···kn+1≥0 al
k1···kn+1

zk1

1 · · · z
kn+1

n+1 .

Since φl is the extension of φ, we see that al
0k2···kn+1

are independent of

l. Now, still write ω for its push-forward form through Ψ. Then at 0,
we have the following formal expansion for ω:

ω =
∑

l;p0∈Ul


∂χl

∑

k1···kn+1≥0,k1≥1

al
k1···kn+1

zk1−1
1 · · · z

kn+1

n+1


 .

Similarly, we have a formal Taylor series expansion for ω at any nearby

point of p0 in X̂ǫ. From this, the smoothness of ω at p0 follows.

We can always find a smooth function u over X̂ǫ which solves the

equation ∂(u) = ω over X̂\Sing (X̂ǫ) as follows: Take a Stein refinement

{Vl} of {Uj ∩ X̂ǫ} such that V0 contains the singular set of X̂ǫ with

ω = ∂χ∗ · φ0

t over V0 and any other does not cut the singularity of

X̂ǫ. Notice that on Vj for j 6= 0, there is a smooth solution uj to the

equation ∂̄uj = ω. Let u0 = (χ∗ − 1)φ0

t , which is smooth over V0. Then

it is clear that uj − ul is holomorphic over Vj ∩ Vl. Since X̂ǫ is Stein,
we have hk ∈ Hol(Vk) such that uj − ul = hj − hl over Vj ∩ Vl. Hence

u := uj − hj , which is smooth over X̂ǫ, solves the equation ∂̄u = ω.
The solution produced from above may not have good behavior near

Xǫ. If we can find a solution u∗ which is also smooth up to Xǫ, then

(3.1) φ∗ := χ∗(t)
∑

χj(p)φj(p) − tu∗

is holomorphic over X̂ǫ and smooth up Xǫ. Moreover, φ∗ ≡ φ over M̂0.
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Indeed, if we can find u∗ that is continuous over X̂ǫ ∪ Xǫ and whose
restriction to Xǫ is smooth, then the restriction of φ∗ to Xǫ is a smooth
CR function. Hence, by the strong pseudoconvexity of X, it follows

easily that the φ∗ in (3.1) must be smooth over X̂ǫ ∪ Xǫ. Hence, the
proof of Theorem 3.1 will be complete, if we can prove the following:

Proposition 3.2. Let ω be as above. Then ∂u = ω has a solution u
that is continuous up to Xǫ and whose restriction to Xǫ is smooth.

Proof of Proposition 3.2. As above, we let ǫ0 = 3/4 and assume that

the Stein space Ẑǫ0 has precisely the same singular set as that of X̂ǫ0 .

Smoothly extend the ρ-function in the end of §2 to Ẑǫ0 . Also smoothly

extend t(p)(= π̂(p)) to Ẑǫ0 . Notice that for p(6∈ X̂ǫ) ≈ Xǫ, ρ(p) > 0.
Define

Ω−
σ =

{
p(≈ Xǫ) ∈ Ẑǫ0 \ X̂ǫ0 :

π̂(p) ∈ ∆ǫ, σ4 > r(p) > 0, r(p) =
ρ

(ǫ2 − |t|2)4

}
,

where 0 < σ << 1. Then Ω−
σ is a lunar domain which has the boundary

component Y −
σ := {r(p) = σ4} strongly pseudoconvex and the boundary

component Xǫ strongly pseudoconcave with at least 3-negative Levi
eigenvalues.

Next we let ω be as in Proposition 3.2 and we extend it smoothly to
Ω0

σ := Ω−
σ ∪ Ωǫ ∪ Xǫ, where Ωǫ0 is as defined in §2 and Ωǫ = π̂−1({|t| <

ǫ}) ∩ Ωǫ0 . Still write ω for its smooth extension to Ω0
σ. Then ∂(ω)

vanishes to infinite order along Xǫ. As mentioned before, we can assume
that ω ≡ 0 when |t| is sufficiently close to ǫ. Consider the ∂-equation

∂α = ∂ω

over Ω−
σ with the ∂-Neumann boundary condition along Y −

σ and the
Dirichlet boundary condition along Xǫ.

More precisely, let M be a real hypersurface defined by r0 = 0 in a
complex manifold (or complex space) of dimension n ≥ 2 with p ∈ M .

Let {Lj}
n
j=1 be a smooth basis of the cross sections of T (1,0)Up, where

Up is a small neighborhood of p in the ambient space. Let {ωj} be its
dual frame. Assume that Lj(r0) ≡ 0 when restricted to M for j 6= n.
For a (0, q)-form

A =
∑

i1<i2<···<iq

ai1···iqωi1 ∧ · · · ∧ ωiq

defined in a certain side of Up ∩ M , that is continuous up to M . We

say A satisfies the ∂-Neumann condition along M if aI |M ≡ 0 whenever
I = (i1, . . . , iq) with iq = n. We say that A satisfies the Dirichlet
condition along M if aI |M ≡ 0 when iq 6= n.
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Return to the domain Ω−
σ . After making σ << 1 we can always find a

globally defined (1, 0)-type smooth vector field Ln+1 over Ω−
σ such that

Ln+1(ρ) ≡ 1. Fix a smooth Hermitian metric 〈·, ·〉0 over Ω−
σ and define

a weighted metric 〈·, ·〉 over Ω−
σ such that the following holds:

(i) For any (1, 0)-type vectors L1, L2 ∈ T
(1,0)
p Ω−

σ with L1(r)(p) =
L2(r)(p) = 0,

〈L1, L2〉 = σ−1(ǫ2 − |t|2)−4〈L1, L2〉0;

(ii) 〈Ln+1, Ln+1〉 = σ−2(ǫ2 − |t|2)−8〈Ln+1, Ln+1〉0; and 〈Ln+1, L〉 = 0

for any L ∈ T
(1,0)
p Ω−

σ with L(r)(p) = 0.

Following Catlin in [10], we write Ek
c (Ω−

σ ) for the collection of smooth

(0, k)-forms over Ω−
σ that vanish when |t| is sufficiently close to ǫ. Write

B+
k (Ω−

σ ) for the subset of Ek
c (Ω−

σ ), whose elements satisfy the Dirichlet

boundary condition along Xǫ. Write B−
k (Ω−

σ ) for the subset of Ek
c (Ω−

σ ),

whose elements satisfy the ∂-Neumann boundary condition along Y −
σ .

Define Bk(Ω−
σ ) := B−

k (Ω−
σ ) ∩ B+

k (Ω−
σ ).

We define the formal adjoint ∂
f∗
k of the ∂-operator acting on the

(0,k)-form as in the standard way. We say that U ∈ L2
q−1(Ω

−
σ ) is in the

domain of the operator ∂
mix
q−1, or U ∈ Dom(∂

mix
q−1), with ∂

mix
q−1(U) = F if

for any V ∈ B−
q (Ω−

σ ), we have (U, ∂
f∗
q V ) = (F, V ). We write ∂

mix ∗
q for

the Hilbert space adjoint of ∂
mix
q by using the norm induced from the

inner product defined above.
Then

Dom(∂
mix
k ) ∩ Ek

c (Ω−
σ ) = B+

k (Ω−
σ ),

Dom(∂
mix ∗
k ) ∩ Ek

c (Ω−
σ ) = B−

k (Ω−
σ ), and

Dom(∂
mix
k ) ∩ Dom(∂

mix ∗
k ) ∩ Ek

c (Ω−
σ ) = Bk(Ω

−
σ ).

(See [10].) For U, V ∈ Dom(∂
mix
k ) ∩ Dom(∂

mix ∗
k ), define

Qk(U, V ) = (∂
mix
k (U), ∂

mix
k (V )) + (∂

mix ∗
k (U), ∂

mix ∗
k (V )),

where the inner product on forms is induced from the above defined Her-
mitian metric on vectors. Then the following basic estimate is contained
in the work of Catlin ([10]) (see [10, Theorem 7.1]):

Theorem 3.3 (Catlin [10]). When σ is sufficiently small, one has,

for a certain constant C, that Q2(U, U) ≥ C‖U‖2 for any (0, 2)-form

U ∈ Dom(∂
mix
2 ) ∩ Dom(∂

mix∗
2 ).

Hence, by the standard Hilbert space theory argument as in [13],
Theorem 3.3 shows that for ω introduced above, there is a unique α2 in
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the domain of Q2 such that

Q2(α2, U) = (∂(ω), U)

for any U in the domain of Q2.
By the sub-elliptic estimate established in [10, Theorem 9.2, Lemma

10.1], one concludes that α2 is smooth over Ω−
σ ∪Xǫ∪Y −

σ with ∂
mix
2 α2 ∈

Dom(∂
mix∗
3 ) and ∂

mix∗
2 (α2) ∈ Dom(∂

mix
1 ). Also, from [10, Theorems

10.3, 10.5], it follows that ∂
mix∗
3 ∂

mix
2 α2 = 0. Hence, write β = ∂

mix∗
2 α2.

We thus obtain ∂
mix
1 (β) = ∂1(β) = ∂(ω) over Ω−

σ , where ∂1 is the regular
∂-operator acting on (0, 1)-forms. Notice that β satisfies the Dirichlet
boundary condition along Xǫ.

Next, define β̃0(p) to be − β(p), for p ∈ Ω−
σ ; and to be 0 for p ∈

X̂ǫ. Define β̃ = β̃0 + ω. β̃ is a (locally) L2-integrable (0, 1)-form over

Ω̂ \ Sing (X̂ǫ) with Ω̂ := Ω−
σ ∪ X̂ǫ ∪ Xǫ. We also claim that ∂(β̃) = 0

in the sense of distribution (over Ω̂ \ Sing (X̂ǫ)). Indeed, we need only
to verify that for each p ∈ Xǫ and a small neighborhood Up of p ∈ Ω0

σ,

〈β̃, ∂
f∗
2 χ〉 = 0 for any smooth (0, 2)-form χ compactly supported in Up.

For this, we can assume without loss of generality that Up is an open
subset in Cn+1. Also assume that {Lj} is a smooth orthonormal basis
of (0, 1)-vector fields over Up with Lj tangent to Xǫ for j 6= n+1. Also,

we write {ωj} for its dual basis. Write β̃0 =
∑n+1

j=1 bjωj . Notice that

bj ∈ C∞(Up \ X̂ǫ) and bj(p) = 0 for p ∈ X̂ǫ. By the Dirichlet condition
of β along Xǫ, bj = 0 along Xǫ for j 6= n + 1. Clearly, to prove the

above statement, it suffices for us to verify that the distribution ∂β̃0

in Up coincides with the (locally) L2-integrable function β̃0
0 , which is

∂(−β) for p ∈ Up \ X̂ǫ and is 0 otherwise. Write χ =
∑

j<l χjlωj ∧ ωl

with χjl ∈ C∞
0 (Up). Then a direct verification shows that

∂
f∗

(χ) =
∑

j<l

Ll(χjl)ωj −
∑

j<l

Lj(χjl)ωl +
∑

j

Kj(χ)ωj ,

where K only linearly involves the zeroth order terms in χjl.
Hence,

(β̃0, ∂
f∗

(χ)) := −
∑

j<l

∫
blLj(χjl) +

∑

j<l

∫
bjLl(χjl) −

∑

j

∫
bjKj(χ).

When l 6= n + 1, we have bj , bl = 0 along Xǫ and thus
∫

blLj(χjl) =

∫

Up\cXǫ

L∗
j (bl)χjl,

∫
bjLl(χjl)

=

∫

Up\cXǫ

L∗
l (bj)χjl,
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where L∗
j , L

∗
l are the formal adjoint of Lj and Ll, respectively. When

l = n + 1, since j < n + 1 and Lj(ρ) = 0 along Xǫ, we see also that

in the integrals
∫

bjLl(χjl) and
∫

blLj(χjl), there are no boundary in-

tegral terms after integrating by parts. Therefore, the distribution ∂β
coincides with the (locally) L2-integrable function defined above.

Finally, we consider the following ∂-equation

∂u = β̃ over Ω̂ \ Sing (X̂ǫ),

with u smooth in a neighborhood of Sing (X̂ǫ).

Since Ω̂ is also Stein, the same argument at the beginning of this sec-
tion together with Hörmander’s L2-estimates for the ∂-equation ([18])

shows that it has a solution u0, that is in the L2
loc(Ω̂ \ Sing (X̂ǫ)) space

and is smooth in a neighborhood of the singular set of X̂ǫ in Ω̂. (The
solution must also be smooth away from Xǫ.) Notice that ∂u0 = ω over

X̂ǫ \ Sing (X̂ǫ) and

φ∗ := χ∗(t)
∑

χj(p)φj(p) − tu0

gives a holomorphic extension of φ to X̂ǫ. As remarked right before
Proposition 3.2, the proof of Proposition 3.2 will be complete if we can
prove the following:

Lemma 3.4. Let u0 be as above. Then u0 ∈ C0(X̂ǫ∪Xǫ) and u0|Xǫ ∈
C∞(Xǫ).

Proof of Lemma 3.4. By the construction of β̃, it suffices to prove that

for any p ∈ Xǫ, there is a small neighborhood Up of p in Ω̂ such that

u0 ∈ C0(Up ∩ X̂ǫ) ∩ C∞(Xǫ). Since the problem under study is purely
local, without loss of generality, we can assume that Up is the Euclidean
ball Bn+1(2) := {z ∈ Cn+1 : |z| < 2} and p = 0. Notice that u0 is
in the Sobolev H1(Bn+1(2))-space. By the Bochner-Martinelli formula,
we have the following:

u0(z) =
1

(n + 1)W (n + 1)

∫

|ξ|=1

u0(ξ)η(ξ − z) ∧ ω̂(ξ)

|ξ − z|2(n+1)

−
1

(n + 1)W (n + 1)

∫

|ξ|<1

β̃(ξ) ∧ η(ξ − z) ∧ ω̂(ξ)

|ξ − z|2(n+1)
,

where W (n + 1) is a constant depending only on n + 1, ω̂(z) = dz1 ∧
· · · ∧ dzn+1 and

η(z) =
n+1∑

j=1

(−1)j+1zjdz1 ∧ · · · ∧ dzj−1 ∧ dzj+1 · · · ∧ dzn+1.
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Clearly, the first integral is C∞ for |z| < 1. We need only to explain
that ∫

|ξ|<1

β̃(ξ)η(ξ − z) ∧ ω̂(ξ)

|ξ − z|2(n+1)

defines a continuous function over Bn+1(1) ∩ X̂ǫ whose restriction to
Bn+1(1) ∩ Xǫ is smooth.

From the way β̃ was constructed and after a smooth change of coor-
dinates, it then suffices to prove the following fact:

Fact. Assume that h(x) is a function defined over Rn with com-
pact support. Suppose that h is C∞-smooth for xn < 0, and extends
smoothly up to xn ≤ 0. Also suppose that h is C∞-smooth for xn > 0
and extends smoothly up to xn ≥ 0 from the upper half-space. Let

Jh(x) =

∫

Rn

h(ξ)(ξ1 − x1)

|x − ξ|n
d(Vol)(ξ).

Then Jh(x) is continuous over {xn ≤ 0} and the boundary value of Jh

to the hyperplane defined by {xn = 0} from {xn < 0} is C∞-smooth.

Indeed, use the polar coordinates (r, τ) centered at x ∈ Rn. Here
τ = (τ1, . . . , τn−1, τn) is in the unit sphere in Rn, r is the distance from
ξ to x and ξ − x = rτ . Write dS(τ) for the volume element of the unit
sphere. Then we have

Jh(x) =

∫ ∞

0
dr

∫

|τ |=1

h(x + rτ)rτ1r
n−1

rn
dS(τ)

=

∫ ∞

0
dr

∫

|τ |=1
h(x + rτ)τ1dS(τ).

Hence, it follows easily that Jh(x) is C∞-smooth if h is smooth over
Rn. Also, under the assumptions in the Fact, it immediately implies
that Jh is smooth at any point with xn 6= 0. Now, extend the function

h on the lower half space to an element h̃ ∈ C∞
0 (Rn). Considering J

h−eh

instead of Jh, we can assume without loss of generality that h(x) = 0
for x = (x′, xn) with xn < 0. Also, we can assume xn ≈ 0.

Next, for xn < 0 with −xn ≤ r, write θ(xn, r) ∈ [0, π/2] with
r cos(θ(xn, r)) = −xn. Use the spherical coordinates

τn = cos θn−1, τn−1 = cos θn−2 sin θn−1, . . . ,

τ2 = cos θ1 sin θ2 · · · sin θn−1, τ1 = sin θn−1 · · · sin θ1,

with θ1 ∈ [0, 2π], θ2, . . . , θn−1 ∈ [0, π]. Notice that h(x + rτ) = 0 when
θn−1 6∈ [0, θ(xn, r)] or when r < −xn. Hence, we can easily see the
following expression for Jh:

Jh =

∫ ∞

−xn

dr

∫ θ(xn,r)

0
G(θn−1, r, x)dθn−1.
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Here G(θn−1, r, x) is computed by the iterated integral with respect to
θ1, . . . , θn−2 in the procedure of applying the Fubini theorem to the mul-
tiple integral

∫
|τ |=1 h(x+ rτ)τ1dS(τ). Clearly, we can view G(θn−1, r, x)

as a smooth function in (θn−1, r, x
′) with parameter xn for

r ≥ −xn, |x′| ≤ 1, θn−1 ∈ [0, θ(xn, r)].

As xn → 0−, G(θn−1, r, x) is uniformly bounded and approaches (uni-
formly on compacta) to a function that is smooth over the region given
by

θn−1 ∈ [0, π/2], r ≥ 0, |x′| ≤ 1.

Notice that the limit is G(θn−1, r, (x1, . . . , xn−1, 0)). Also G(θn−1, r, x)
= 0 when r ≥ r0 >> 1. Therefore, we see that

lim
xn<0,xn→0

Jh(x1, . . . , xn−1, xn)

=

∫ r0

0
dr

∫ π/2

0
G(θn−1, r, (x1, . . . , xn−1, 0))dθn−1

= Jh(x′, 0).

Thus, we see that Jh is continuous on {xn ≤ 0} and has boundary
value smooth over {xn = 0}. The proof of the Fact is complete. The
proof of Lemma 3.4 and thus the proof of Proposition 3.2 are complete,
too. This then finally completes the proof of Theorem 3.1. q.e.d.

Completion of the Proof of the Main Theorem. With Theorem 3.1
at our disposal, the proof of the remaining statements in the Main
Theorem can be easily achieved: Let f be the smooth CR embedding
of M0 into Cm as in Main Theorem (IV). By Theorem 3.1, we can find

a holomorphic extension F of f to X̂ǫ′ (|ǫ′| << 1) with F smooth up to

Xǫ′ . Then the map T = (F, π) embeds both Xǫ and X̂ǫ into Cm×∆ǫ for

|ǫ| << ǫ′. Notice that T must be proper from X̂ǫ into Cm ×∆ǫ \ T (Xǫ),

by the assumption. Write X̂ ′
ǫ = T (X̂ǫ). We conclude easily that X̂ ′

ǫ

must be a Stein space with the properties stated in (IV1)–(IV3). The
proof of the Main Theorem is complete. q.e.d.

Remark 3.5. Fix a distance function dist over X̂ǫ. Fix certain Ck-
norms ‖ · ‖0

k over M0 (k = 1, 2, . . .). Let Φ be an extension of φ as
constructed in the proof of Theorem 3.1. From our proof of Theorem
3.1, Φ can be written as Φ1 + tΦ2, (see (3.1)), with Φ1 a certain smooth

extension of φ to X̂ǫ and Φ2 a certain correction function from solving
the ∂-equation. We can make use of the estimates in [6] to handle Φ1

and those in [10] to handle Φ2 over Ωǫ. Meanwhile, we can apply Siu’s
version of Cartan’s Theorem A and B with bounds to handle the bounds
for solutions from solving the Cousin problem [30, §9]. One can then
conclude the following statement: For any p1 ∈ Mt1 , p2 ∈ Mt2 , δ > 0,
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C∗ > 0, there exist an ǫ′(δ, C∗) > 0, depending only on δ and C∗, and a
certain fixed positive integer k0, such that for any |t1|, |t2| < 1

2ǫ, ‖φ‖0
k0

<

C∗ with φ as described in Theorem 3.1, when dist(p1, p2) < ǫ′(δ, C∗),
one has |Φ(p1) − Φ(p2)| < δ for a certain holomorphic extension Φ of φ
with properties described in Theorem 3.1.

4. Extension of holomorphic functions and simultaneous

embeddings

Let (X,π, ∆) be the strongly pseudoconvex CR family and let (X̂, π̂, ∆)
be the Siu-Ling completion as in the Main Theorem. Still write Mt :=
π−1(t) for the connected strongly pseudoconvex manifold of dimension
at least 5. In this section, we discuss the question when a smooth CR

function defined over M0 can be extended holomorphically to M̂0 :=
π̂−1(0). This can then be applied with the Main Theorem to study the
simultaneous embedding and blowing-down problems. We first briefly
recall the definition of the Kohn-Rossi cohomology group.

Let M be a strongly pseudoconvex CR manifold of real dimension
2n − 1 with contact form θ and holomorphic complex tangent bundle

T(1,0)M . Assign the Hermitian metric in T
(1,0)
p M for each p ∈ M to

be the Levi-form defined there (see §2). Let T be the Reeb vector field
associated with θ in the sense that 〈θ, T 〉 = 1 and the contraction of dθ
along T is zero. For each p ∈ M , let {Lj(p)}n−1

j=1 be an orthonormal basis

of T
(1,0)
p M with dual frame {ωj(p)}. (〈ωj , T 〉 = 0 and ωj annihilates any

vector of type (0, 1)). Then {ω1, . . . , ωn−1, ω1, . . . , ωn−1, θ} forms a basis
of CT ∗M and any k-form α at p has a unique representation:

α =
∑

aj1,...,jli1,...,iq
ωj1(p) ∧ · · · ∧ ωjl

(p) ∧ ωi1(p) ∧ · · · ∧ ωiq(p)

+
∑

bj1,...,jli1,...,iq
(p)θ ∧ ωj1(p) ∧ · · · ∧ ωjl

(p) ∧ ωi1(p) ∧ · · · ∧ ωiq(p),

where in the first summation, j1 < · · · < jl, i1 < · · · < iq, l + q = k and
in the second summation, j1 < · · · < jl, i1 < · · · < iq, l + q + 1 = k.

A form at p is called of type (0, k) if it can be expressed as
∑

i1<···<iq

a0Iωi1(p) ∧ · · · ∧ ωiq(p).

Namely, in the above representation,

bj1,...,jli1,...,iq
(p) = 0,

aj1,...,jli1,...,iq
(p) = ai1,...,ik

(p).

Let π(0,q) be the projection from the space of q-forms to the space

of (0, q)-forms Λ(0,q) over M . Then we define ∂b = π(0,q) ◦ dq−1, where
dq−1 is the regular De Rham differential operator at the degree (q − 1).

The Kohn-Rossi cohomology group H
(0,q)
KR (M) of order (0, q) is defined
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as the quotient of the space of ∂b-closed (0, q)-forms with the space of
all ∂b-exact (0, q)-forms. Our definition of the Kohn-Rossi cohomology

group H
(0,q)
KR (M) is taken from Tanaka [35] and is isomorphic to the

intrinsic definition given by [13] in the strongly pseudoconvex case. It

is well known that H
(0,q)
KR (M) is a pure CR invariant, independent of the

choice of the contact form θ. (See [35], [13] or the following Theorem
4.1 (4.II) and [38].)

Now, suppose that M is a connected compact strongly pseudocon-
vex CR manifold of real dimension at least 5. Suppose M bounds a

complex space M̂ , that has M as its smooth boundary. Let ρ0 be a

smooth function defined over M̂ ∪ M such that ρ0 < 0 in M̂ , ρ0 = 0
along M , and dρ0 6= 0 along M . Moreover, we assume that ρ0 is

strongly plurisubharmonic in a small neighborhood of M in M̂ ∪ M .

Let codhx(M̂) := codh
Ox(cM)

Ox(M̂) be the homological codimension of

M̂ at x ∈ M̂ . Then the following statements are well-known.

Theorem 4.1. With the above notation, we have

(4.I) codhx(M̂) ≥ 3 for any x ∈ M̂ , if and only if M̂ is normal and

H
(0,1)
KR (M) = 0.

(4.II) Let M̂ǫ := {x ∈ M̂, 0 > ρ0(x) > −ǫ}. Assume that 0 < ǫ << 1.

Then H
(0,1)
KR (M) is isomorphic to H1(M̂ǫ,O).

(4.III) ([13, Corollary 3.3.5]) Any smooth CR function defined over M

extends holomorphically to M̂ if either M̂ is smooth or only has

isolated normal singularities.

Proof. (4.I) and (4.II) follow from the arguments in [38] as follows.

Let {y1, . . . , ym} be the set of singular points of M̂ . It is well known

that codhx(M̂) ≥ 3 for any x ∈ M̂ is equivalent to Hk
{yi}

(M̂,O) = 0

for 0 ≤ k < 3 and 0 ≤ i ≤ m (cf. Theorem 3.3 of [33]). In particular,

y1, . . . , ym are normal singularities. On the other hand, dimH
(0,1)
KR (M) =

m∑
i=1

dimH2
{yi}

(M̂,O) by Theorem B of [38]. Hence (4.I) is proved.

Let M̂res be a resolution of singularity of M̂ . By definition, H i
∞(M̂,O)

is the i-th cohomology of the quotient complex

C∞(M̂res, Λ
0,∗)/C∞

c (M̂res, Λ
0,∗).

Here C∞(M̂res, Λ
0,∗) is the C∞-Dolbeault complex, and C∞

c (M̂res, Λ
0,∗)

is the subcomplex of smooth compactly supported (0, ∗)-forms. Then

by Laufer [22], lim
ǫ→0

H i(M̂ǫ,O) ∼= H i
∞(M̂,O). On the other hand, by

Andreotti and Grauert (Théoréme 15 of [1]), H i(M̂−{y1, . . . , ym},O) ∼=
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H i(M̂ǫ,O) for i ≤ n − 2 and

Hn−1(M̂ − {y1, . . . , ym},O) → Hn−1(M̂ǫ,O)

is injective. By (3.19) and (3.20) in [38], one sees that H i
∞(M̂,O) ∼=

H
(0,i)
KR (M). (4.II) follows immediately. q.e.d.

Again, let (X, π, ∆) be the strongly pseudoconvex family as before

with (X̂, π̂, ∆) as its Siu-Ling completion. Let ρǫ0 be as in the Main

Theorem (II) with ǫ0 < 1. We write Ωǫ0 := {p ∈ X̂ǫ0 : −ǫ′0 < ρǫ0(p) <
0} with ǫ′0 << 1. Write Gq := π̂(q)(O|Ωǫ0

) for the q-th direct image sheaf

of the structure sheaf O|Ωǫ0
over ∆ǫ0 . (See [15].) By definition, for any

open subset U in ∆ǫ0 , Γ(U,Gq) = Hq(π̂−1(U) ∩ Ωǫ0 ,O). By a theorem
of Ling ([24, Theorem 5.3.4]), Gq is coherent if q < N − 2, where N is

the complex dimension of X̂. In particular, when N ≥ 5, G1 and G2 are
coherent analytic sheaves. When N ≥ 4, G1 is coherent.

Theorem 4.2. Let (X, π, ∆) be the strongly pseudoconvex CR family

as in the Main Theorem. Let (X̂ǫ0 , π̂, ∆ǫ0) be the Siu-Ling completion of

(Xǫ0 , π,∆ǫ0) with ǫ0 < 1. Assume that dimRM0 ≥ 5 and t is not a zero

divisor of the germ of the first direct image sheaf G1 at t = 0. Let φ be

a smooth CR function over M0 = π−1(0). Then it admits an extension

that is holomorphic over X̂ǫ and smooth up to the strongly pseudoconvex

manifold Xǫ, where 0 < ǫ < ǫ0.

Proof of Theorem 4.2. By Theorem 3.1, to prove Theorem 4.2, it suffices

to explain the φ defined above admits a holomorphic extension to M̂0.
Let 0 < η1 << ǫ0 be such that H1(Ωǫ0 ∩ π̂−1(∆η1

),O) has a finite
set of generators {ξj}, whose restrictions to (G1)x also generate (G1)x

for any x ∈ ∆η1
. Pick an η2 << η1 and a Stein open covering {Vj} of

π̂−1(∆η2
) ∩ Ωǫ0 such that φ has a holomorphic extension φj to each Vj .

Define φjl =
φj−φl

t over Vj ∩ Vl. Then E := {φjl} is a closed 1-cochain

and thus defines an element in H1(Ωǫ0 ∩ π̂−1(∆η2
),O). By our choices

and after shrinking η2 if necessary, we have holomorphic functions aj

over ∆η2
such that E =

∑
j aj(t)ξj in H1(Ωǫ0 ∩ π̂−1(∆η2

),O). (If we
need to shrink η2, the new E is taken as the naturally restricted element
and V ′

j s will be naturally restricted too. For simplicity, we do not use

new notation).
Hence there is a holomorphic function ψj over Vj for each j such that(

E −
∑

j aj(t)ξj

)
(Vj ∩ Vl) = ψj − ψl. It thus follows that


∑

j

taj(t)ξj


 (Vj ∩ Vl) = (−tψj + φj) − (−tψl + φl).
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Hence,
∑

j taj(t)ξj = 0. Since under the assumption of Theorem 4.2, t is

not a zero divisor of (G1)0, it follows that at the very beginning, we can
already choose a′js to be 0. Hence, we have that (tψj − φj) = (tψl − φl)
on Vj ∩ Vl. Hence Φ := φj − tψj over Vj for each j, well defines a

holomorphic extension of φ to π̂−1(∆η2
)∩Ωǫ0 . Now by the way X̂η2

was

constructed, one sees that Φ extends holomorphically to X̂η2
. (See [24,

Proposition 4.3.4].) Applying Theorem 3.1, we see the proof of Theorem
4.2. q.e.d.

Remark 4.3. By a result of Siu, if H1(Ωǫ0 ∩ π̂−1(t),O) has a fixed
dimension and N = dim Ωǫ0 ≥ 5 for each t, then G1 is a locally free
coherent sheaf. In particular, t is not a zero divisor of G1 ([31, Theorem
2]). Combining this fact with the above mentioned Theorem 4.1 (4.II),

we see that the hypothesis in Theorem 4.2 holds if H
(0,1)
KR (Mt) has a

constant dimension for |t| << 1 and dimR(Mt) ≥ 7.

As an immediate application of the Main Theorem and Theorem 4.2,
we obtain:

Corollary 4.4. Let (X := ∪|t|<1Mt, π,∆) be a CR family of compact

strongly pseudoconvex CR manifolds. Assume that dimRM0 ≥ 5 and t
is not a zero divisor of the germ of the first direct image sheaf G1 defined

above at t = 0. Suppose that f0 is a smooth CR embedding from M0

into Cm. Then there is a smooth CR diffeomorphism F = (f̃ , π) from

Xǫ := ∪|t|<ǫMt into Cm × ∆ǫ with ǫ << 1 such that f̃ |M0
= f .

Remark 4.5. Corollary 4.4, in particular, implies Corollary 1.6 when
dimR(Mt) ≥ 7 by the above mentioned theorem of Siu.

Next, by applying Theorem 3.1 (Remark 3.5), Theorem 4.2 and
Tanaka’s theorem, we will complete the proof of Corollary 1.6 when
dimR(Mt) ≥ 5 as follows:

Proof of Corollary 1.6. Let (X, π, ∆) be as in Corollary 1.6 with

(X̂, π̂, ∆) as its Siu-Ling completion. Fix ǫ0 < 1 and define G1 =

π̂(1)(O(Ωǫ0)) as before. Since N = dim X̂ ≥ 4, by Ling’s theorem,
G1 is a coherent sheaf over ∆ǫ0 . Without loss of generality, by what we
did above, we can assume that t − t0 is not a zero divisor of (G1)t=t0

except at t0 = 0 (see [34, 3.10]). Let f0 be a CR diffeomorphism from
M0 into Cm. Then, by the Tanaka theorem [35], there is a certain small
0 < ǫ′0 < ǫ0 such that f0 extends to a smooth family {ft} with ft a CR
embedding from Mt into Cm for |t| < ǫ′0. Now, by the assumption and

making use of Theorem 4.2, ft extends holomorphically to (X̂ǫ1 , π̂, ∆ǫ1)
for a certain fixed ǫ1 with ǫ1 < 1 for all t with 0 < |t| < ǫ1. Notice
that ft is a smooth function over Xǫ1 . Write the holomorphic extension

ft|Mt to (X̂ǫ1 , π̂, ∆ǫ1) as F t. By Remark 3.5, we can choose F t such
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that ‖F t|M0
− f0‖C0(M0) → 0 as t → 0. By the maximum principle in

complex spaces, {F t|dM0
} converges uniformly over M̂0. By the normal

family for holomorphic functions over complex spaces (see [15, Theo-
rem 8, p. 171]), we conclude that F t → F 0, that is holomorphic over

M̂0 and has boundary value f0 over M0. Namely, we proved that f0

extends holomorphically to M̂0. The rest of the argument now follows
easily from Theorem 3.1. q.e.d.

We call M̃ a smooth strongly pseudoconvex complex manifold if M̃ is

a complex manifold with smooth boundary ∂M̃ , that is strongly pseu-

doconvex with respect to M̃ . Let X̃ be a complex manifold with X as

part of its strongly pseudoconvex boundary. We call (X̃, π̃, ∆) a fam-
ily of smooth strongly pseudoconvex complex manifolds if (I): π̃ is a

surjective holomorphic map from X̃ to ∆, which extends smoothly to

X = ∪t∂π̃−1(t) = ∪t∂X̃t, where X̃t = π̃−1(t); (II) (X, π, ∆) is a CR
family of strongly pseudoconvex manifolds. Now, let f be a holomor-

phic map from X̃0 := π̃−1(0) into Cm, that is biholomorphic near ∂X̃0

and extends to a smooth CR diffeomorphism from the boundary to its

image. Also, assume that f(∂X̃0) bounds a complex space, denoted by

Y , with at most isolated singularities and has f(∂X̃0) as its smooth

boundary. We say X̃0 resolves the singularities of Y through f when Y

does have isolated singularities and f is proper from X̃ to Y . Notice

that f then must be biholomorphic from X̃0 \E into Y \Sing(Y ), where
Sing(Y ) is the singular set of Y and E = f−1(Sing(Y )) is the exceptional

set of X̃. In this setting, we also call f a blowing-down map from X̃0 to
its image. There have been many papers in the past on when a family of
strongly pseudoconvex complex manifolds with exceptional sets can be
simultaneously blown-down. (See the papers [26], [27], [28], [22] and
the references therein.) As an immediate application of Corollaries 1.6,
4.4, we have the following result, a certain local version of which was
already proved by Riemenschneider by different methods in [26]–[27].

Corollary 4.6. Let (X̃, π̃, ∆) be a smooth holomorphic family of

strongly pseudoconvex complex manifolds. Assume that X = ∪t∈∆∂X̃t

can be CR embedded into a complex manifold. Suppose that

dimH
(0,1)
KR (∂X̃t) = constant

and X̃0 is at least of complex dimension 3. Suppose that f0 is a blowing-

down map from X̃0 to Cm. Then there is a map F = (f̃ , π̃) from

X̃ǫ := π̃−1(∆ǫ) to Cm × C, which extends smoothly over ∪|t|<ǫ<<1∂X̃t

such that f̃ | eXt
is a (holomorphic) blowing-down map from X̃t to Cm

with f̃ | eX0
= f0.
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Proof of Corollary 4.6. Applying Corollary 1.6 to f0, we conclude
that f0 extends to a smooth CR diffeomorphism to a neighborhood of

∂(X̃0) in ∪|t|<<1∂X̃t. Then applying the Kohn-Rossi extension theorem
((4.III)), the CR diffeomorphism extends to the required map as in the
corollary. q.e.d.

Finally, let (X, π, ∆) be as in Corollary 1.5 with (X̂, π̂, ∆) as its Siu-
Ling completion. On the other hand, by the work of Rossi, Andreotti-
Siu [3], for each t ∈ ∆, the fiber Xt itself admits a normal Stein filling

X̂t,nor with codh (X̂t,nor ) ≥ 2. Assume that codh(X̂t,nor ) ≥ 3, which is

equivalent to H
(0,1)
KR (Mt) = 0 by Theorem 4.1 (4.I). Fujiki then showed in

[14] that (∪t∈∆X̂t,nor , π,∆) carries a normal Stein complex structure.
In view of our Main Theorem, we see that the completion by Fujiki
must then be isomorphic to the Siu-Ling completion of (X, π, ∆) by the
uniqueness of both fillings.

Proof of Corollary 1.5. Indeed, we need only to show that M̂0 is normal
under the assumption of Corollary 1.5. By the theorems of Boutet de
Monvel and Harvey-Lawson [8], [16], there is a CR diffeomorphism f
from M0 to M ′

0 = f(M0), that bounds a Stein space V0 with only
isolated normal singularities. Moreover V0 is smooth near M ′

0. From
the proof in Corollary 1.6, we see that f extends holomorphically to

M̂0. Let g be the inverse of f near M0 in M̂0. Since M̂0 is also Stein,
we see easily that g extends to a holomorphic map, still denoted by g,

from V0 into M̂0. Clearly, from the uniqueness property of holomorphic
functions, f and g are the holomorphic inverse of each other. Hence,

M̂0 is biholomorphically equivalent to V0 and thus must be normal, too.
q.e.d.

Remark 4.7. From the proof of Corollary 1.6, it is clear that in

Corollary 1.6, one can weaken the assumption: dim(H
(0,1)
KR (Mt)) = const

for each t by that of dim(H
(0,1)
KR (Mγ(t))) = const for a certain smooth

function γ(t) with γ(0) = 0 and d(γ)(0) 6= 0. Also, if the last condition

holds, then M̂0 in the Siu-Ling completion must be normal. However,
this observation only makes sense when Mt has real dimension 5, for
otherwise, by a result of Siu [31, Theorem 1], the set {t ∈ ∆ : d1(t) =

dim(H
(0,1)
KR (Mt)) = d1(0)} is either the whole ∆ or has 0 as an isolated

point. Also, one can similarly define the notion of the CR family of
compact strongly pseudoconvex CR manifolds with the parameter space
being polydisks in any complex space and establish the similar results
in this setting.
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